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Nonlinear dynamics of coupled charged rotators

Shinji Chiba,* ,† and Yasuji Sawada‡

Research Institute of Electrical Communication, Tohoku University, 2-1-1 Katahira, Aoba-ku, Sendai 980-77, Japan
~Received 10 February 1997!

A needle rotator system is constructed and investigated as a model system for coupled oscillators with
nonlocal interaction. Needle rotators placed in a strong homogeneous electrical field rotate by repulsive or
attractive force between the electrodes and charge on the rotators created by the discharge. The charge on the
rotators is simultaneously the source of long-range interaction between the rotators. This paper describes the
case where all rotators were placed an equal distance from each other on a horizontal line perpendicularly to
the homogeneous field, and where the sense of the rotation were the same. The experimental results show
entrainment, hysteresis, multistability, and chaos phenomena in the coupled dynamics of the rotator system.
Simulation of the needle rotator carried out using a model regarding the shape of the rotator as aL-shaped line
reproduced the global features of dynamics of the rotator system. The possibility is discussed of whether a
system consisting of needle rotators presents a real system of a coupled oscillator system with nonlocal
interaction.@S1063-651X~97!03809-9#
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I. INTRODUCTION

Dynamical systems with nonlocal interaction have be
studied in various fields of science. A biological neural n
work is one system of this class. Experimental resu
showed that a collective behavior of many neurons in a c
tral nervous system affected to recognition@1,2#. Dynamics
of some physical systems such as the Josephson jun
array and charged density wave may also belong to this c
system, and were modeled by coupled oscillators with glo
interaction@3,4#.

Recently, coupled oscillations with nonlocal interacti
have been studied theoretically@5,6#. When the interaction is
of a middle range in strength, the appearance of microch
and macrochaos was reported in the globally coup
Ginzburg-Landau system@5#. Numerical experiments
showed that a coupled oscillator system with long-range c
pling had unique dynamics in the collective behavior of t
system. A model system in one-dimensional space sho
that the correlations and fluctuations obeyed a power law
that the exponents change continuously with the coup
strength@5#. A small number of clusters, a continuous strin
like distribution, and chaotic dynamics appeared in the ph
plane as a change of coupling strength@6#. However, no real
system has been proposed for which we can perform deta
experimental study of oscillators with long-range couplin

Previously we reported briefly on experimental results
a pair of rotators for studying coupled oscillators with no
local interaction@7#. In this paper we describe in detail th
dynamics of coupled needle rotator systems interacting w
each other by Coulomb force, including locking, hysteres
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and chaos, together with a numerical simulation.

II. EXPERIMENTAL SYSTEM

A needle rotator is a rotator which rotates in a stro
electric field. The rotator used in the present experimen
the simplest needle rotator one can think of, composed
conductive needles as shown in Fig. 1. Discharge takes p
if the field intensity at the edge exceeds a threshold when
arm of the rotator is at a position nearly parallel to the e
ternal field. The sign of the discharge depends on whe
the arm edge of the rotator is close to the positive or nega
electrode. The arm is forced to rotate by the Coulomb int
action between the continuous charge distribution over
horizontal arm and the external field.

The experimental system of the present study is descr
as follows. Needle rotators were placed, equally distanc
on a horizontal line parallel to two planar electrodes
2003500 mm2, 53 mm apart from each other. The applie
electric field was varied from 3.0 to 4.5 kV/cm. The vertic
arms of these rotators were electrically connected thro

i-

FIG. 1. Schematic view of a needle rotator.
2635 © 1997 The American Physical Society
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2636 56SHINJI CHIBA AND YASUJI SAWADA
FIG. 2. ~a! Configuration of one rotator be
tween two planer electrodes.~b! Typical potential
waveform of a single rotator.~c! Characteristics
of the angle of the needle rotator vs the potent
of a needle rotator. The sampling rate of the ang
by the video is 33.3 ms, while the typical perio
of rotation is 50 ms. Therefore, the plotted angl
are the collection of sampled angles measu
over several hundred cycles. The plots for t
cases for three different external fieldEex are
shown. The dotted lines are the rough border b
tween different states of discharge.
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the outer pipe to a capacitor whose partial voltage was m
sured by a sampling recorder with sampling time of 100ms.
Rotating motion of these rotators were recorded by H
video cassette recorder and the angles of these rotators
measured by every 1 flame of the video tape by a compu

III. EXPERIMENTAL RESULT

Single rotator

A typical waveform of the electric potential of one rota
ing needle rotator@Fig. 2~a!# is illustrated in Fig. 2~b!. The
waveform consists of two different parts. One is a positive
negative steep slope zone, called slope~1! and slope~2!, re-
spectively, and the other is a flat zone called flat~1! or
flat~2!, respectively. Figure 2~c! shows the dependence o
the potential on the angle of the needle. As seen in Fig. 2~c!,
a zone of slope~1!~2! corresponding to an electrical dis
charge aroundu50° or 180°, at which the electrical field o
the pointed edge of the horizontal arm was the stronges

Stationary state

There are two types of stationary states depending on
tial conditions with different angles of the rotator. Whe
a-

8
ere
r.

r

i-

u init5120°, the stationary state is a stable fixed point w
u`5180° with damping vibration@see Fig. 3~a!#. The flat
potential seen in Fig. 3~a! means no discharge. On the oth
hand, foru init5110° the stationary state is a periodic motio
@see Fig. 3~b!#. The choice of the stationary states was d
cided depending whether the rotator could go through
torque reversing area nearu50° or 180° by the inertia.

u̇ could not be measured in this experiment because
sampling rate of theu is much slower than the period of th
rotation. Figure 4 shows theu- u̇ plane calculated by a mode
of the rotator presented in Sec. IV. This figure indicates t
there are two stable fixed points and two periodic orbits
the dynamics of the rotator.

Mean rotation period

The dependence of mean rotation period of rotator
external field and mean peak to peak amplitude of that
shown in Fig. 5~a!. With increasing external field the charg
of the rotator and thereby its rotation period increase.
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56 2637NONLINEAR DYNAMICS OF COUPLED CHARGED ROTATORS
FIG. 3. Two stationary states transited fro
different initial conditions. The initial conditions
were given by the step input of an external fie
of 4 kV/cm, when the rotator is standing still a
an initial angleu init with ~a! u init5120° ~damping
vibration! and~b! u init5110° ~nonlinear rotation!.
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Two-rotator system

One rotator having an arm length of 8 mm~NR1!, and
another having one of 6 mm~NR2!, were used in this experi
ment. The configuration in an applied field is illustrated
Fig. 5~b!. Some variables for describing the interaction of t
two rotators are defined in Fig. 5~c!. t i(n) is thenth termi-

FIG. 4. A behavior of a single rotator in theu- u̇ plane. The
parameters of the rotator are shown in column NR2 of Table I. T
figure shows orbits from some initial points indicated by circles
nation time of the positive discharge of thei th needle rotator
(NRi ). Ti„t j (n)… means the time duration of the potenti
variation of NRi which includest j (n). c i„t j (n)… is the phase
value oft j (n) measured with respect toTi„t j (n)…. This value
takes a value from 0 to 1, corresponding to the start and
of Ti„t j (n)…, respectively. The mutual behavior of the tw
rotators depends on the difference in the arm lengths,
distance between the two rotators, the senses of the two
tators~the same direction in the present work!, and the ap-
plied field strength~varied from 3.17 to 4.53 kV/cm in the
present work!.

Bifurcation diagram

Figure 6~a! shows an example of the bifurcation diagra
of the ratio of the time-averaged period with the applied fie
as the control parameter, for a fixed distance of 15 m
When the field was increased from 3.17 kV/cm, 2:1 lock
stable states were observed up to 3.44 kV/cm. Then
locked states~3.53 kV/cm!, a 3:2 locked state mixed with a
unlocked state~3.62 to 3.71 kV/cm!, unlocked states~from
3.80 to 4.26 kV/cm!, and a 1:1 coupled state~4.35 to 4.53
kV/cm! were successively observed. When the field was
creased, 1:1 locked states were observed down to 3.99
cm, and then unlocked states~from 3.90 to 3.80 kV/cm!,

is
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2638 56SHINJI CHIBA AND YASUJI SAWADA
FIG. 5. ~a! Characteristics of external field
Eex vs the mean rotation period and mean pea
to-peak amplitude of two different rotators wit
horizontal arm lengths of 6~NR1! and 8 mm
~NR2!. ~b! Configuration of the two rotators be
tween two planer electrodes. The distance b
tween the two rotators is fixed at 15 mm.~c!
Definition of variables from the waveforms of th
potential of two rotators.t1(n) is the termination
time of the positive discharge of NR1
T2„t1(n)… is a time period of NR2 in which
t1(n) is on the time axis.c2„t1(n)… is the phase
value of NR2 against NR1. This value chang
linearly from 0 to 1 corresponding to the sta
edge of and end edge ofT2„t1(n)…, respectively.
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unlocked states mixed with 3:2 locked states~3.71 to 3.62
kV/cm!, pure 3:2 states~3.53 to 3.49 kV/cm!, and 3:2 states
mixed with 2:1 states~3.44 kV/cm! were successively ob
served. The rotation of NR2 stopped below 3.40 kV/c
though the field maintained a rotation of NR2 when not
teracting with NR1@Fig. 5~a!#. One can observe hysteres
over the entire region of the applied field, as is often found
a system with coexisting multistable states.

Figure 6~b! and 6~c! show the distribution of the instan
taneous relationship between the phasec2„t1(n)… and the
ratio of the rotating periodT2„t1(n)…/T1„t1(n)… for some
states in Fig. 6~a!. The figures show that there is a continuo
permitted range on the axial phase difference for each s
For example, the cluster of the phase difference val
c2„t1(n)… for the 1:1 state sifted to zero when the appli
field was decreased. This state became unstable at a cr
value of the applied field for which the left edge of the clu
ter for c2„t1(n)… approached 0.2@see Fig. 6~c!#.

Multirotator system

A basic experiment using six rotators with nomina
same arm length was carried out for studying collective
havior of the needle rotator systems. Each rotator had a h
zontal arm length of 660.03 mm and was name
NR1,NR2, . . . ,NR6, respectively.

Figure 7~a! shows the mean rotation period of each rota
with the external field. The characteristics were var
615% from the mean value, caused by clearance of
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connection part between theL-shaped needle and the stai
less steel support pipe, and the nonuniformity of the ed
shape of the rotator~see Fig. 1!.

The relative position of the rotators in the applied field
illustrated in Fig. 7~b!. The applied external electrical field
Eex were 3.874, 4.042, and 4.211 kV/cm. The potential v
ues of rotators were measured with a sampling rate of 200ms
for 2 min. The sense of rotation of all rotators was set sa
throughout this experiment.

The sequence of phase differences of each rotator w
respect to NR4 is shown in Fig. 8. It is seen that all seque
of phase differences are perturbed in a finite range~a typical
whole sequence in right column of Fig. 8!. This state may be
called a synchronous state, since the periods of all rota
were same and the set of phase differences depende
initial conditions. Two synchronous states were seen
Eex54.211 kV/cm. The phase differences of NR1 and N
with respect to NR4 were simultaneously from time to tim
shifted to another stable synchronous state, as shown in
8.

IV. NUMERICAL STUDY ON THE DYNAMICS
OF THE NEEDLE ROTATOR

The dynamics of the needle rotator system is analy
numerically in this section. The charge distribution on t
horizontal arm and the supporter of the rotator plays a
role for the dynamics of the rotator. The shape of the rota
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56 2639NONLINEAR DYNAMICS OF COUPLED CHARGED ROTATORS
FIG. 6. ~a! Example of the bifurcation dia-
gram of a time-averaged period ratio with the a
plied field Eex as the control parameter. The av
erage was taken for 1-min duration starting aft
3-min stabilizing time. The broken and soli
lines, respectively, show the time-averaged p
riod ratio when the field is increased and d
creased. The dotted line shows the ratio of t
time-averaged period of rotators without intera
tion. ~b! The distributions of the instantaneou
relationship between the phasec2„t1(n)… and the
ratio of rotation periodsT2„t1(n)…/T1„t1(n)… of
four states in the bifurcation diagram when th
applied field was increased successively fromD
to E, F, andG. The ratio of rotation periods was
2:1 at statesD and E, 3:2 at stateF, and 3:2
1unlock ~irrational ratio! at stateG. ~c! The dis-
tributions of three states when the applied fie
was decreased. The direction of the transition w
from stateQ to statesW and X. The ratio of
rotation periods was 1:1 at statesQ andW, and
unlock ~irrational ratio! at stateX.
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was assumed to be aL-shaped line since the diameter of th
rotator was much smaller compared with the length of
needle and the distance between rotators. This means tha
charge distribution on the rotator was approximated to a o
dimensional distribution of theL-shaped line. Some value
of theL-shaped line are defined as follows.L is the length of
horizontal arm of the rotator andA is the length of vertical
supporter. This rotator is able to rotate in ther -u plane and

fixed in axial z. EW ex is the homogeneous applied extern
electric field. The direction of this field is parallel tor -u

plain. lW andmW are position vectors on the rotator andr( lW) is

charge density atlW. When one rotator is placed between t

electrodes, the electric fieldEW ( lW) at lW on the rotator due to
the charge distribution on the rotator is expressed as

EW ~ lW !5
1

4pe E
A1L

r~mW !

umW 2 lWu3
~mW 2 lW !dm. ~1!

The field according to theL-shaped line of a rotator is zer
since the rotator is conductor, that is,
e
the
e-

l

„EW ~ lW !1EW ex…•zW05EW ~ lW !•zW050 ~on A!,

„EW ~ lW !1EW ex…•rW05EW ~ lW !•rW01Eexcosu50 ~on L !. ~2!

zW0 andrW0 are unit vectors parallel toz axis and to the radia
vector rW, respectively. The torque on the horizontal arm

the rotatorTW is

TW 5E
L
r~ lW ! lW3„EW ~ lW !1EW ex…dl. ~3!

It was assumed in this analysis that the discharge betw
the rotator and the electrode takes place when the ch

density on the edge of the horizontal arm at whichu lWu5L
exceeds a thresholdr th , that is

r~ lW !.r th , u lWu5L. ~4!

Next, we describe the case where there areN numbers of
rotators in the homogeneous electric field. The configurat
of the rotators and definition of values are shown in Fig.
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FIG. 7. ~a! Mean rotation period of the indi-
vidual rotators used in the basic experiment
collective behavior of the needle rotators with th
applied external fieldEex. ~b! Configuration of
rotators inEex. The distance between each neig
bor was fixed to 15 mm. Horizontal arm length
of all rotators were 6 mm.
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Each rotator has an individual local coordinate (r i ,u i ,zi)
i 51,2,...,N, and the position vector of the origin of eac

coordinate issW1 ,sW2 ,...,sWN in the global coordinate. The hori
zontal arms of all rotators rotate in the same plane. The
ues of the field at each rotator are identified by adding
field due to the charge distribution of all the rotators. T

electrical fieldEW i( lW i) on the rotatori is

EW i~ lW i !5
1

4pe E
Ai1Li

r i~mW !

umW 2 lW i u3
~mW 2 lW i !dm

1
1

4pe (
j 51, j Þ i

N E
Aj 1L j

r j~ lW j !

urW i j u3
rW i j dl j1EW ex. ~5!

The condition that the rotatori is conductor is

EW i~ lW i !•zW i050 ~on the A!,

EW i~ lW i !•rW i050 ~on the L !. ~6!

The torqueTW i , that forces on the horizontal arm of rotat
i , is
l-
e

TW i5E
Li

r i~ lW i ! lW i3EW i~ lW i !dli . ~7!

The condition of discharge of the rotatori is assumed as
before,

r i~ lW i !.r i th , u lW i u5Li . ~8!

To carry out numerical simulation the rotator was d
cretized. The electrical field of any point on the rotatori was
expressed as approximated integral equation using disc

charge densityr i( lW ik) where lW ik corresponds tolW i in Fig. 9.
The part of supporter of rotatori was separated equally t
V parts and the part of horizontal arm of one was separa
equally toM2V21 parts. That is,

lW ik5H Ai~V2k!

V
zW i0 ~k50,1,2,...,V!

Li~k2V!

M2V21
rW i0 ~k5V,V11,...,M21!.

~9!

rW ik j l is the vector fromlW j l on the rotatorj to the center

betweenlW ik and lW ik11 on rotatori . The electrical fieldEW ik at

the discrete position betweenlW ik and lW ik11 on rotatori is
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FIG. 8. The sequences of the phase diffe
ences measured with respect to that of NR4 in
system with six rotators, NR1, NR2, NR3, NR4
NR5, and NR6 for three different fields.
n-
s u-

ed
EW ik5(
j 51

N
hjA

8pe S r j~ lW j 0!

urW ik j 0u3
rW ik j 012(

l 51

v21
r j~ lW j l !

urW ik j l u3
rW ik j l

1
r j~ lW jV!

urW ik jVu3
rW ik jVD 1(

j 51

N
hjL

8pe S r j~ lW jV!

urW ik jVu3
rW ik jV

12 (
l 5V11

M22
r j~ lW j l !

urW ik j l u3
rW ik j l 1

r j~ lW jM 21!

urW ik jM 21u3
rW ik jM 21D

1EW ex ~k50,1,...,M22!. ~10!

Each term in Eq.~10! represents, respectively, the field co
tribution from each part of the supporters, horizontal arm
and external applied field. The electrical chargeQi of rotator
i is
, FIG. 9. Definition of the quantities used in the numerical sim
lation for a pair of rotators. The value of each rotator was identifi

with subfix j 51,2,...,N. rW i j 5sW j1 lW j2sW i2 lW i .
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FIG. 10. The flow chart of the numerical simulation.
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2 S r i lW i012 (
l 51

V21

r i~ lW i l !1r i~ lW iV!D
1

hjL

2 S r i lW iV12 (
l 5V11

M22

r i~ lW i l !1r i~ lW iM 21!D . ~11!

The condition that rotatori is conductor in the discrete
model is

EW ik•zW i050 ~k50,1,2,...,V21!,

EW ik•rW i050 ~k5V,V11,V12,...,M22!. ~12!

N3M numbers ofr i( lW ik), i 51,2,...,N, k50,1,...,M21
were calculated by simultaneous linear equations~11! and
~12!. According to Eq.~8! discharge condition was assume
as

r i~ lW iM 21!.r i th . ~13!

When the condition of Eq.~13! is satisfied, discharge occurs
with a time constantt i :
r i~ lW iM 21 ,t1Dt !5„r i~ lW iM 21 ,t !2r i th…expS 2
Dt

t i
D1r i th .

~14!

Equation~14! expresses the charge variation of the rota
i in case of discrete time. If discharge does not occur on
rotators att, Qi i 51,2,...,N was constant att1Dt. So the

variables ofr i( lW ik) i 51,2,...,N k50,1,...,M21 were cal-
culated by Eqs.~11! and ~12!. On the contrary if the dis-

charge occurs on rotatori at t, r i( lW iM 21) calculated with Eq.

~14! was constant att1Dt. Variables Qi , r i( lW ik) k

50,1,...,M22, r j ( lW jm) j 51,2,...,N and jÞ i ,
m50,1,...,M21 were calculated by Eqs.~11! and ~12!.

TorqueTW i was calculated using solved electrical density
Eqs.~11! and ~12!

TW i5hiL (
k5V11

M22

lW ik3r i~ lW ik!~ 1
2 EW ik211 1

2 EW ik!1
hiL

2
lW iM 21

3r i~ lW iM 21!~2 1
2 EW iM 231 3

2 EW iM 22!. ~15!

In Eq. ~15! it was assumed that the electrical field on rota

i was changed linearly with boundary conditionsEW ik , and
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FIG. 11. ~a! Characteristics of the externa
field Eex vs the mean rotation period of two type
of rotators obtained by the experiment and calc
lation. One of two rotators~NR1! has a horizontal
arm length of 8 mm and the other~NR2! has one
of 6 mm. ~b! Example of the calculated potentia
of a needle rotator vs its angle for the paramet
corresponding to NR2’s in Table I. Plots of th
cases of three differentEex are shown. The dotted
lines are rough border between different states
discharge.
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that the field on the edge of rotatori was the field extended
from the linear field in the neighbor area. The equation
motion of rotatori is

I i ü i1a i u̇ i5Ti . ~16!

I i is the inertia of rotatori , and a i is its coefficient of
damper. The flow chart of the numerical calculation is illu
trated in Fig. 10

V. RESULT OF SIMULATION

Single rotator

Figure 11~a! shows calculated characteristics of the sin
rotators together with those of the experiment. The resul
calculations shows a reasonable overall agreement, bu
not agree with those of experiment in the area of weak fie
This discrepancy may be caused by the approximation of
model, as discussed below.

Figure 11~b! shows characteristics of the potential of t
needle rotator vs its angle. Two stationary states that oc
f

-

f
id
.
e

ur

for different initial conditions are shown in Fig. 12. Thes
results correspond to the results of the experiment, res
tively, in Figs. 2~c! and 3. The calculated results of the d
namics of single rotators agree qualitatively with that of e
periment.

Two-rotator system

The mutual dynamics of the rotators were also calculat
The two rotators which were used in this calculation h
parameters of NR1 and NR2 shown in Table I. The config
ration in applied field was the same as this experiment
illustrated in Fig. 5~b!, except that the distance between r
tators was varied in the simulation.

Figure 13~a! shows the result of a calculation of the b
furcation diagram of the time-averaged period ratio with t
applied field as the control parameter, for 15 mm of distan
between rotators. The initial condition of this calculation w
that the angle of the rotator was 0 and the phase velocity
2200 rad/s. The calculation started from 3.25 to 4.6 kV/c
of external field, and the method of calculation was similar
that of this experiment. The time step of calculation w
531025 s. Calculation data were sampled for 2.93105
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FIG. 12. Two stationary states calculated f
different initial conditions for parameters corre
sponding to NR2’s in Table I. The initial condi
tion was given by a step input of an external fie
of 3.5 kV/cm when the rotator was standing st
at a initial angleu init with ~a! u init5120° ~damp-
ing vibration! and~b! u init5110° ~nonlinear rota-
tion!.
ng
n

in
ge

.

e
ith
c
e
r

he
d
a
i

es

be-
the

ase

tion.
n in
ce

ere
pa-
ion
ro-
Fig.

ro-
ial

or
in-
ich
steps after 53104 steps from start of each data sampli
point. It was confirmed that the dynamics of rotators tra
sited to the steady state after 53104 steps which is relatively
shorter compared to that of this experiment. Some lock
states, which were 3:2, 4:3, and 5:4 of the time-avera
period ratio, were shown in Fig. 13~a!. Such locking states
were shown in Fig. 6~a! for similar result of the experiment
A hysteresis phenomenon was observed in Fig. 6~a!, but not
seen in Fig. 13~a!.

Figure 13~b! shows the result of the calculation of th
bifurcation diagram of the time-averaged period ratio w
the applied field as the control parameter, for some distan
between rotators. The method of calculation was the sam
that of Fig. 13~a!, but the simulation were carried out fo
only one way from 3.25 to 4.6 kV/cm. The time step of t
calculation was 131024 s. Calculation data were sample
for 33104 steps after 23104 steps from start of each dat
sampling point. When the distance between the rotators
creases, it is observed that the 3:2 locking state loses
stability more easily compared with other locking stat

TABLE I. Parameters setup.

NR1 NR2

L ~mm! 8.000 6.000
I ~kg m! 2.587310211 1.091310211

a (kg m 21) 4.100310210 2.085310210

t ~s! 2.22231023 2.22231023

r th ~C! 4.00031028 2.99631028
-

g
d

es
as

n-
its
,

since the time-averaged period ratios with interaction
tween rotators take values different from these without
interaction for 3:2 locking state@see Fig. 13~a!#.

The instantaneous relationship between the ph
c2„t1(n)… and the ratio of rotating period
T2„t1(n)…/T1„t1(n)… obtained by numerical simulation
shows a good agreement with the experimental observa
Figure 14 shows these relationships for some states show
Fig. 13~a!. There was a permitted range of phase differen
for each state as well as the result of the experiment.

Multi-rotator system

The dynamics of six rotators interacting each other w
calculated. All rotators used in this calculation had same
rameters of NR1 described in Table I. The relative posit
of the rotators in the applied field and the names of the
tators are same as the experiment which is illustrated in
7~b!. The time step was 131024 s. Sampling data were
sampled for 1.23105 steps after 43104 steps of stabilizing
time.

The relationship of the phase difference between the
tators for some initial conditions are shown in Fig. 15. Init
phase velocities of all rotators were2200 rad/s. External
applied field was 4.5 kV/cm. The initial angles of the rotat
patterns were different from each calculation. Figure 15
dicates that this rotator system is a multistable system wh
has some different steady phase patterns.
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56 2645NONLINEAR DYNAMICS OF COUPLED CHARGED ROTATORS
FIG. 13. ~a! Calculated bifurcation diagram o
a time-averaged period ratio with the applie
field Eex as the control parameter. The time ste
of the calculation was 531025 s. The average
was taken for 2.93105 steps duration starting af
ter 53104 steps stabilizing time. The broken an
solid lines, respectively, show the time-averag
period ratio when the field is increased and d
creased. The dotted line shows the calculated
tio of the time-averaged period of noninteractin
rotators.~b! Result of the calculation of the bifur
cation diagram of the time-averaged period ra
with the applied fieldEex as the control paramete
for some distance between NR1 and NR2. T
time step of the calculation was 131024 s. The
average was taken for 33104 steps duration
starting after 23104 steps stabilizing time.
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VI. DISCUSSION

Locking and hysteresis phenomena were observed in
experimental study on mutual dynamics of two differe
needle rotators. Those phenomena were certainly cause
the mutual effect, as seen in Fig. 6~a!. It is necessary to
confirm whether the cause of the mutual effect was the C
lomb force between the charge distribution on the nee
rotators. One of the other possible causes of coupling is
common fluctuation of the output of the high voltage sup
~MAX-ELEC, DPSR-12KPN! by the discharge of the rota
tors. The influences of the dynamics of the rotator on
output of the supply were shown as voltage fluctuation of
electrodes in Table II. The fluctuation of the rotating sta
was larger than that of the nonrotating state. The effec
this fluctuation could be ignored because this value was 1
in the order of magnitude at best.

Another considerable cause is the fluid dynamical eff
of charged gas caused by the discharge of the rotators
investigate the existence of the hydrodynamic effect,
placed a glass plate between rotators NR3 and NR4 use
Fig. 7~a! to examine the effect of the flow of charged g
between the rotators. Figure 16 shows the returned ma
the phase differencec2„t3(n)…. As seen from Fig. 16, the
two rotators were in the 1:1 locking state, which shows
he
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by
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existence of coupling, with the glass plate or not. The dev
tion of the distribution of those situations in Fig. 16 mig
probably be caused by the effect of the polarization charg
the glass plate.

Therefore, we can conclude that the observed phen
enon of coupling in this experiment was assumed to
caused by the Coulomb force between the needle rota
Since the locking phenomena are observed in the case
the distance between two rotators is over 30 mm~not shown
here!, the interaction of the rotator system is of long rang

The bifurcation which was shown in Fig. 6~a! illustrated a
route to chaos through some locking states, which was ca
‘‘Arnold’s tongue’’ @8#. Figure 17 illustrates the returne
maps of unlocking statesY and Z in Fig. 6~a!. The folding
structure was seen in Fig. 17~b!, but not seen in Fig. 17~a!.
This is one of the characteristics of the chaos. Although o
one route of Arnold’s tongue was shown in this experime
future detailed investigation may clarify the full structure
Arnold’s tongue for the needle rotator system.

A feature of the locking phenomenon was that the ph
difference of the two rotators was localized in a region
phase-difference space. As seen in Fig. 6~c!, 1:1 locking
states become more and more unstable as the phase d
ence approaches 0. When two rotators are rotated in phas
u15u250° or 180°, where the torque by the interactio
could act most effectively, the torque by the interaction a
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FIG. 14. The distribution of an instantaneou
relationship between the phasec2„t1(n)… and the
ratio of rotation periodsT2„t1(n)…/T1„t1(n)… for
some plots in Fig. 13~a!. The horizontal and ver-
tical axes of each graph correspond, respective
to c2„t1(n)… and T2„t1(n)…/T1„t1(n)…. The
graphs in the left column, center column, an
right column, respectively, correspond to th
graphs near 3:2 locking, 4:3 locking, and 5
locking.
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ing upon a rotator is in a direction opposite to that act
upon another rotator@see Fig. 18~a!#. Since the sense of ro
tation of the rotators were the same as each other, the
tion in phase was not stable. Conversely, if two rotators
tate in an opposite phase, atu15270°, u2590° where the
torque by the interaction could act most effectively, t
torque by the interaction acts upon each rotator in same
rection@see Fig. 18~b!#. That is, rotation in an opposite phas
should be stabilized.

The reason there is a certain degree of region of ph
difference where the mutual dynamics could keep the lo
ing state is due to the inertia of the rotators. That is relate
the hysteresis phenomena which were observed in this
periment.
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The model of the needle rotator proposed in this pa
was a discretized model with the approximation that the
tator could assume anL-shaped line. Although agreemen
between the results of the calculation for the dynamics o
single rotator and the result of the experiment was qual
tively excellent, it is quantitatively not satisfactory. Th
means that some part of the model, such as the thres
condition of the discharge, might have to be improved.

The locking phenomena obtained by the simulati
shown in Fig. 13 would support a conclusion that the o
served locking phenomenon is caused by the Coulomb fo
in the experiment. Figure 19 is the returned map
c2„t1(n)… of an unlocking state in Fig. 13~a!. The negative
slope aroundc2„t1(n)…50.4 in Fig. 19 might suggest th
TABLE II. The voltage dispersion of the electrodes.

Standing still state (u5180°) Rotating state
Applied field ~kV/cm! 1electrode~kV2! 2electrode~kV2! 1electrode~kV2! 2electrode~kV2!

3.623 0.001 378 9 0.001 673 4 0.001 443 1 0.001 761 6
4.528 0.001 840 9 0.002 277 9 0.001 902 2 0.002 645 6
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56 2647NONLINEAR DYNAMICS OF COUPLED CHARGED ROTATORS
FIG. 15. The calculated sequences after 43104 steps from the
start of the phase differences with respect to that of NR4 for so
initial conditions. Initial phase velocities of all rotators we
2200 rad/s. The external applied field was 4.5 kV/cm.~a! Initial
angle of rotator pattern (u1 ,u2 ,u3 ,u4 ,u5 ,u6)5(0,0,0,0,0,0).
~b! Initial angle of rotator pattern (u1 ,u2 ,u3 ,u4 ,u5 ,u6)
5(0,90,180,270,0,90). ~c! Initial angle of rotator pattern
(u1 ,u2 ,u3 ,u4 ,u5 ,u6)5(0,0,180,180,180,180).~d! Initial angle of
rotator pattern (u1 ,u2 ,u3 ,u4 ,u5 ,u6)5(0,45,90,135,180,225).

FIG. 16. The returned map of the phase differencec2„t3(n)…
with and without a glass plate between the rotators. The ph
differencec2„t3(n)… were measured from the mutual dynamics
NR3 and NR4 which were shown in Fig. 6~a!. The distance be-
tween two rotators was 14 mm. The glass plate~503100 mm2, 0.5
mm of thickness! were set at the middle point of the two rotato
because of the cutting off from the charged gas caused by the
charge of the rotators.
existence of chaos around unlocking states, although the
istence of chaos was not confirmed in the experiments.
hysteresis phenomenon was obtained in the result of the
culation shown in Fig. 13~a!. Comparison of the dynamic
for a single rotator between the experiment and the calc
tion is shown in Figs. 3 and 12. The transition period of t
experiment for the change of the field was slower than tha
the calculation, which means that it is more difficult to bre
a locking state between the rotators in the experiment tha
the simulation. Since the response time for the variation
the external applied field depends on the inertia of the ro
tors and the time constant of the discharge, there may stil
a possibility to improve the hysteresis phenomenon by be
selection of these parameters in the simulation.

In Sec. III, two cluster formation of the 1:1 locking clus
ters was reported~Fig. 8!. One of them was constructed wit
NR1 and NR2, and another with NR3, NR4, NR5, and NR
As each pattern was maintained in a certain time, the sys
of needle rotators was a multistable system.

Cluster formation phenomena were also reported@5# in
the study of coupled Ginzburg-Landau~GL! equations with a

e

se
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FIG. 17. The returned map of the phase differencec2„t1(n)… for
two states in Fig. 5~a!. ~a! The returned map for stateY. ~b! The
returned map for stateZ.
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medium range of interaction. The apparent similarity of t
cluster formation observed in the present experiments an
the coupled GL system may not be fundamental, and
former might be attributed to the inhomogeneity of the e
perimental system.

The result of the simulation with six rotators showed th
there were some 1:1 locking states with different relatio
ships of phases~Fig. 15!. Similar phenomena were seen
the result of the experiment~Fig. 8!. In the experiment, the
existence of some 1:1 states were confirmed as a mixtur
different 1:1 locking states. The fluctuation of the phase d
ference of each rotator of the experiment was larger t
those of the calculation shown in Fig. 15. This differen
would be caused by the error of the parameters of the r
tors, or by some disturbance in the experiment. The tra
tion between different 1:1 locking states would be caused
the fluctuation.

A single rotator might have a similarity to a GL equatio
considering the the electrical charge of the rotator co
sponds to the amplitude of the GL equation@5#. The mutual
interaction between the GL equation is a periodic function
the phase difference of two oscillators, but the interaction
the present model is not only a function of phase differen
but also depends on the phases of individual rotators w
respect to the position of the electrode. This different nat
of the interaction may be responsible for the difference of
behavior between the model and the GL system.

FIG. 18. Figures showing that the state of out of phase rota
has a stronger interaction than the in-phase rotation.~a! The case of
in-phase rotation.~b! The case of out-of-phase rotation.
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VII. CONCLUSION

We experimentally investigated nonlinear dynamics o
coupled oscillator system by using charged needle rota
which rotate in a strong electric field and discharge. T
result of the experiment for two rotators which had differe
horizontal arm lengths showed some typical phenomena
pected in nonlinear systems, such as the entrainment ef
hysteresis, and chaos phenomena. The mutual dynamic
ing six rotators which had similar parameters showed
locking of the mean rotation period of all rotators. Also, t
dynamics of six rotators suggested that the needle rot
system could have a multistable system.

The result of the simulation for a needle rotator syst
indicated a good agreement with that of the experiment.
some improvement of the model may be necessary fo
perfect reproduction of the observed phenomenon in det

This paper showed that a system consisting of needle
tators could be a real example of a coupled oscillator sys
with nonlocal interaction. It is possible to study various ph
nomena in this system, and furthermore the investigat
may reveal other unique phenomena of the coupled nonlin
system with a long-range interaction.

n

FIG. 19. The returned map of the phase differencec2„t1(n)… for
unlocking states in Fig. 13~a!. The figure was plotted from the cal
culated data when the external applied field was 3.35 kV/cm.
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